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Abstract
Transition system theory arises in several branches of mathematics including algebraic automata
theory anduniversal algebra theory. In this paper, somekeyquestions related to the notions of retraction
and injectivity are answered in the category of transition systems over a given alphabet. This yields
results concerning the parallel decomposition problem of a transition system.
© 2004 Elsevier B.V. All rights reserved.
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0. Introduction
Given an alphabet, a-automaton (not necessarily deterministic) [1], is a-transition
system [6] for which an initial set of states and a ﬁnal set of states have been chosen. Since
transition systems are the algebraic parts of automata, it seems that they deserve some
interest in themselves. Furthermore, these objects appear in universal algebra theory and in
graph theory under different names.
In the category of -transition systems, only parallel connections are used (unlike in
the subcategory of deterministic -transition systems). The following associated structure
problem is the main motivation of this paper:
“Is a -transition system S simulated by a parallel connection of simpler -transition
systems which are restrictions ofS?”
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As every restriction of S is simulated by S, this is a decomposition problem in the
proper sense [2]; notice that the dual problem obtained by changing the word “restriction”
into the word “contraction” is not a decomposition problem because generally a contraction
ofS is not simulated byS (thus the easy solution of this dual problem does not seem very
interesting).
In the category of -transition systems, the preceding question is closely related with the
key question of the representation theory initiated by Duffus and Rival [3, 3.4, problem 1].
Since the retracts of a given -transition system S are both restrictions and quotients
of S, they are natural candidates for giving rise to a decomposition of S. Furthermore,
it is well known that the concept of retraction and the related concept of injectivity have
been used successfully in the study of many categories (category of modules over a ring,
category of posets, category of metric spaces over an Heyting algebra, etc.).
This paper is divided in three sections. In the ﬁrst one, the basic deﬁnitions and properties
of the category of -transition systems are sketched so as to clarify the problem considered
here. Within this framework, the key questions concerning the concepts of retraction and
injectivity are the following:
• Among the epimorphisms whose domain is a given -transition system, can we deter-
mine those which are retractions? Can we construct all the types of retracts of a given
-transition system?
• Can we get a decomposition of a given -transition system with the help of its retracts?
• Does the category of -transition systems have enough injective objects? Is there an
injective envelope for every -transition system?
These questions are answered in Sections 2 and 3.This allows us to obtain results concerning
the preceding decomposition problem.
1. Transition systems
1.1. Given an alphabet , a -transition system is a pair
S= (S, (S)∈),
where S is a set called the set of states ofS, and (S)∈ is a family of binary relations on
S indexed by . For every  ∈ , the binary relation S on S is identiﬁed with its graph,
thus S is viewed as a subset of S× S. For p ∈ S and  ∈  we denote by pS the subset
of S deﬁned as follows:
pS = {q ∈ S | (p, q) ∈ S}.
According to the terminology of [1], the graph of S is the directed graph whose set of
vertices is S and whose set of directed edges is
ES = {(p,, q) ∈ S × × S | q ∈ p S}.
A. Hudry / Discrete Mathematics 289 (2004) 45–61 47
For every  = (p,, q) ∈ ES, the beginning of  is o() = p, the end of  is t () = q,
and the label of  is || = . A path inS is a ﬁnite sequence c= (i )1 i l of consecutive
directed edges (i.e. o(i+1)= t (i ), i ∈ {1, . . . , l−1}); the integer l > o is called the length
of c; the beginning of c is o(c) = o(1), the end of c is t (c) = t (l ), and the label of c is
the word |c| = |1| · · · |l | ∈ ∗ (as usual we denote by ∗ the free monoid with base ).
For each state p ∈ S, we introduce the trivial path 1p beginning at p and ending at p. By
deﬁnition the length of 1p is 0 and its label is the empty word 1 of the free monoid ∗. Let
I and T be two subsets of S; the behaviour of the -automaton (S, I, T ) is the language
denoted by |(S, I, T )|which consists of all the labels of the paths inS beginning at a state
in I and ending at a state in T. Let L be a -language (i.e., a subset of ∗); then L is said to
be recognized by the -transition systemS= (S, (S)∈) if there exist two subsets I and
T of S such that L= |(S, I, T )|. The transition matrix ofS is the square matrix with both
rows and columns indexed by S, and with entries the following subsets of :
ESpq = { ∈  | (p,, q) ∈ ES} for any (p, q) ∈ S2.
A partial sub -transition system of S is a -transition system whose graph is a partial
subgraph ofS (this notion is similar to the notion of weak subalgebra of universal algebras
[4], and to the notion of inclusion [2]). The set of states F of such a partial sub -transition
systemF ofS is a subset of the set of states S ofS, and for every (p, q) ∈ F 2 we have
the inclusion:
EFpq ⊂ ESpq.
Let (Sj )j∈J be a family of -transition systems, with Sj = (Sj , (Sj )∈); the direct
product (or equivalently the parallel connection) of the family (Sj )j∈J of -transition
systems is the -transition systemS= (S, (S)∈) deﬁned as follows:
S =∏j∈J Sj , and for any  ∈  and any (pj )j∈J ∈ S, the binary relation S on S is
such that
(pj )j∈JS = {(qj )j∈J ∈ S | ∀j ∈ J, qj ∈ pjSj }.
With a given subsetF of the set of vertices of a directed graphG are usually associated the
subgraph ofG induced by F and the contraction ofG by F. IfG is the graph of a-transition
system S = (S, (S)∈), this leads us to associate with a given subset F of S the two
following -transition systems:
• S |F called the restriction ofS to F, [2,5], or equivalently the relative sub -transition
system ofS associated to F, [4], and deﬁned by:
• S |F = (F, (S|F )∈) where for any  ∈  and p ∈ F , the binary relation S|F on
F is such that
pS|F = pS ∩ F (i.e., for any (p, q) ∈ F 2 we have : ES|Fpq = ESpq).
• S(⊗F) called the contractionofSbyF, anddeﬁnedby its graphwhich is the contraction
of the graph ofS by F.
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Following the terminology of the reference books [2,5], a -transition systemS′ is said to
simulate (or to cover) a -transition systemS, if there exists a surjective partial function 
from the set S′ of states ofS′ onto the set S of states ofS such that the following inclusion
holds:
(p′)S ⊂ (p′S′), for any p′ ∈ S′ and any  ∈ .
From the computational point of view, this insures thatS′ can do everythingS does; for
instance if c is a path inS there exists a path c′ inS′ having the same length and the same
label as c. Furthermore, there exists a partial sub -transition systemS′′ ofS′ such that
every language recognized byS is recognized byS′′ (see Proposition 1.2.4 in the sequel).
Thus if a -transition system S is simulated by a -transition system S′, then S is in
some way simpler thanS′.
By deﬁnition the parallel connection
∏
j∈J Sj of a family (Sj )j∈J of -transition
systems is a parallel decomposition of a given-transition systemS if
∏
j∈J Sj simulates
S andS simulatesSj for all j ∈ J .
In this paper, the possibility to obtain a parallel decomposition of a given -transition
system with the help of some of its restrictions (or more especially with the help of some
of its retracts) is investigated.
1.2. In conformity with [1], a function symbol will be written after the variable; therefore
whenever the composite of two functions f and g is deﬁned, this composite will be written
fg instead of g ◦ f . With this notation and with the terminology of [4–6], a function f
from the set of states S of a -transition systemS to the set of states S′ of a -transition
systemS′ is called a -transition system homomorphism if for any p ∈ S and any  ∈ 
the following inclusion holds:
(pS)f ⊂ (pf )S′ .
This means that for any (p, q) ∈ S2 the inclusion ESpq ⊂ ES
′
pf qf holds.
As usualKer f denotes the equivalence relation on S associatedwith f, i.e., (p, q) ∈ Ker f
if and only if pf = qf .
The -transition systems form a category for which the monomorphisms (resp. the epi-
morphisms) are the injective (resp. surjective) homomorphisms.
If f is a monomorphism from a -transition system S into a -transition system S′,
thenS′ simulatesS. However if f is an epimorphism from a -transition systemS′ onto
a -transition systemS, it may happen thatS′ does not simulateS. This can be observed
in the following example: let = {1,2,3} be an alphabet with three letters, and letS′
(respectivelyS) be the -transition system whose set of states is S′ = {1′, 2′} (respectively,














(respectively, 1 S1 =2 S1 =1 S2 =2 S2 ={2}, 1 S3 =∅, 2 S3 ={1}); the map f from
S′ onto S such that 1′f = 1 and 2′f = 2 is an epimorphism from the -transition system
S′ onto the -transition systemS; howeverS′ does not simulateS.
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A-transition system homomorphism f is a-transition system isomorphism if and only
if f is bijective and f−1 is a -transition system homomorphism. Given three -transition
systemsS, S1 andS2, a monomorphism (resp. epimorphism) f1 fromS1 intoS (resp.
fromS ontoS1) and amonomorphism (resp. epimorphism) f2 fromS2 intoS (resp. from
S ontoS2) are called equivalent or of the same type if there exist a homomorphism g1 from
S2 toS1 (resp. fromS1 toS2) and a homomorphism g2 fromS1 toS2 (resp. fromS2
toS1) such that g1f1=f2 and g2f2=f1 (resp. f1g1=f2 and f2g2=f1); in this situation
g1 and g2 are isomorphisms with g2 = g−11 and Im f1 = Im f2 (resp. Ker f1 = Ker f2).
According to [4], a homomorphism f from a -transition system S to a -transition
system S′ is called a full homomorphism if for each pair (p, q) of states of S and each
 ∈ ES′pf qf there exists a pair (p◦, q◦) of states ofS such that p◦f = pf , q◦f = qf , and
 ∈ ESp◦q◦ . Obviously every -transition system isomorphism is a full homomorphism.
So as to characterize the full monomorphisms, the following remark is useful: given a -
transition systemS= (S, (S)∈) and a subset F of S, the natural injection from F into
S is a full monomorphism fromF=S |F intoS.
A monomorphism f from a -transition systemS into a -transition systemS′ is called
an embedding ofS intoS′, [4], if f induces an isomorphism ofS andS′ | Im f . In this
caseS′ is called a realization ofS, [7]. This situation which occurs for instance when we
want to code the states ofS has the following straightforward characterization which will
be used later in the sequel.
1.2.1. Lemma. Let f be a function from the set of states S of a -transition systemS to the
set of states S′ of a -transition systemS′. The three following properties are equivalent:
(a) f is a -transition system embedding;
(b) f is injective and ESp,q = ES
′
pf ,qf for any (p, q) ∈ S2;
(c) f is a full monomorphism fromS intoS′.
1.2.2. Remarks. 1. Let f1 and f2 be two equivalent -transition system monomorphisms;
one is a full monomorphism whenever the other is a full monomorphism.
2. There is a bijection from the set of restrictions (i.e., relative sub -transition systems)
of a given -transition system S′ onto the set of the types of the full monomorphisms
having codomainS′.
3. Obviously ifS′ is a realization ofS, thenS′ simulatesS.
So as to characterize the full epimorphisms, the following construction is useful: given a
-transition systemS= (S, (S)∈) and an equivalence relation  on S, the quotient of















∣∣∣∣ ∃p ∈ H, pS ∩K = ∅
}
for any H ∈ S

.
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Then the natural surjection from S onto S/ is a full epimorphism from S onto S/. If
f is an epimorphism from a -transition system S onto a -transition system S′, then
f induces a bijective homomorphism from S/Ker f onto S′ which is not necessarily an
isomorphism. More precisely, given an epimorphism from a -transition system S onto
a -transition system S′, it can be observed that f is a full epimorphism if and only if f
induces an isomorphism fromS/Ker f ontoS′.
1.2.3. Remarks. 1. If f1 and f2 are two equivalent-transition system epimorphisms, then
one is a full epimorphism whenever the other is a full epimorphism.
2. Given a -transition system, there is a bijection from the set of equivalence relations
on the set of states S ofS onto the set of types of the full epimorphisms having domainS.
3. LetF be a subset of the set of states S of a-transition systemS; theGreen equivalence
relation F associated to F is the equivalence relation on S deﬁned as follows: (p, q) ∈ F
if and only if p = q or p, q ∈ F ; it is obvious thatS/F andS(⊗F) are isomorphic.
According to the terminology of the reference work of Duffus and Rival [3], a family
(Sj )j∈J of-transition systems is a subdirect representation of a given-transition system
S if there exists a monomorphism f fromS into the direct product∏j∈J Sj such that for
any i ∈ J , fi is an epimorphism from S onto Si (where i denotes the projection of∏
j∈J Sj ontoSi). This means thatS is isomorphic with a partial sub-transition system
of
∏
j∈J Sj which is a subdirect product of the family (Sj )j∈J (in the particular casewhere
f is not just a monomorphism but an embedding, this means that S is isomorphic with a
relative sub -transition system of
∏
j∈J Sj which is a subdirect product of the family
(Sj )j∈J ). In this situation the parallel connection of the family (Sj )j∈J simulatesS, but
in general is not a decomposition ofS unlessS simulates all the -transition systemsSj ,
j ∈ J .
Let S be a -transition system whose set of states S has more than two elements, and
let Q be the set of subsets F of S such that S-F is a singleton; then for any F ∈ Q, the
contractionS(⊗F) ofS by F has two states; since the equivalence relation⋂F∈Q F is
the identity on S,S is subdirectly representated by the family (S(⊗F))F∈Q of contractions
of S. This shows that the dual problem of the one considered here has a trivial solution;
generally this solution does not provide a decomposition, and consequently does not seem
to have a great interest.
The notion of simulation concerning the -transition systems can be characterized with
the help of the notion of -transition system epimorphism as follows.
1.2.4. Proposition. A -transition system S′ simulates a -transition system S if and
only if there exists an epimorphism from a partial sub-transition systemS′′ ofS′ onto
S such that for any state p′ ofS′′ and any  ∈  the following equality holds:
(p′)S = (p′S′′).
2. Retracts of a transition system
2.1. In the category of-transition systems, a homomorphism r from a-transition systems
S = (S, (S)∈) to a -transition system S′ = (S′, (S′)∈) is called a retraction if
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there exists a homomorphism s fromS′ toS such that s r = 1S′ (where 1S′ denotes the
identity function from S′ to itself). Then s is called a coretraction associated with r. It should
be noticed that a retraction r is a full epimorphism and that any associated coretraction is
a full monomorphism, i.e., an embedding. If there exists a retraction r from a -transition
systemS onto a -transition systemS′, thenS′ is called a retract ofS. In this caseS′
is isomorphic to a quotient ofS (namelyS/Ker(r)) as well to a relative sub -transition
system ofS (namelyS | Im(s), where s is any coretraction associated with r). This implies
that S simulates any of its retracts. One of the aims of Sections 2 and 3 is to precisely
ascertain under what circumstancesS can be simulated by a parallel connection of some
of its proper retracts. Whenever this occurs, we get an afﬁrmative answer to the parallel
decomposition problem investigated here.
The notion of retraction considered here in the category of-transition systems, has been
studied in many other categories (category of posets [3], category of metric spaces over a
semigroup [6], category of modules over a ring, etc.). One of the key question associated
with this concept is the characterization of those epimorphisms which are retractions and
the determination of all the types of retractions having domain a given object. An answer
to this question within the category of -transition systems, will result from the following
remarks.
2.1.1. Remark. If two-transition systemepimorphisms (resp.monomorphisms) are equiv-
alent, one is a retraction (resp. a coretraction) if and only if the other is a retraction (resp. a
coretraction).
2.1.2. Remark. Let  be an equivalence on the set of states S of a -transition systemS.
Then the natural epimorphism fromS ontoS/ is a retraction if and only if  has a faithful
set F of representatives (i.e., if for any  ∈ , and any H, K ∈ S/ we have K ∈ HS/
if and only if pK ∈ pHS, where {pK} =K ∩ F and {pH } =H ∩ F).
2.1.3. Remark. Let r be a retraction from a -transition systemS= (S, (S)∈) onto a
-transition systemS′ = (S′, (S′)∈). Then the following properties hold:
(a) the equivalence relation Ker(r) on S admits a faithful set of representatives;
(b) the natural epimorphism fromS ontoS/Ker(r) is a retraction equivalent to r;
(c) for any coretraction s fromS′ intoS associated with r, the endomorphism g = rs
of the -transition system S is idempotent, has F = S′s for set of ﬁxed points, and in-
duces a retraction from S onto S |F equivalent to r, which implies that S′ and S |F
are isomorphic; furthermore, if r ′ is a retraction from the -transition system S onto a
-transition system S′′, for any coretraction s′ associated with r ′, the idempotent endo-
morphism g′=r ′s′ ofS isR-equivalent to g (i.e. in themonoid of all the endomorphisms of
S, the right ideal generated by g′ is the same that the one generated by g; this is equivalent
to Ker g =Ker g′, or still equivalent to g′g = g and gg′ = g′.) if and only if the retractions
r and r ′ are equivalent (this occurs if and only if Ker(r)= Ker(r ′)). In this case, the set of
ﬁxed points F of g and the set of ﬁxed points F ′ of g′ are two faithful set of representatives
of the same equivalence relation on the set of states S ofS.
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2.1.4. Remark. Given a -transition systemS and a subset F of the set of states S ofS,
the following properties are equivalent:
(a) the natural injection from F into S is a -transition system coretraction fromS |F
intoS;
(b) there exists an idempotent endomorphism g ofS such that F = Im g;
(c) F is a faithful set of representatives of an equivalence relation on S;
(d) F is a faithful transversal of a partition of S.
In this case there is a bijection from the set of idempotent endomorphism g′ ofS such
that gg′ = g′g = g′, onto the set of idempotent endomorphisms ofS |F .
The preceding remarks imply the two following results.
2.1.5. Proposition. In the category of-transition systems, an epimorphism is a retraction
if and only if it is a full epimorphism for which the associated equivalence admits a faithful
set of representatives.
2.1.6. Proposition. Given a -transition systemS= (S, (S)∈), there is a one to one
correspondence between:
(a) the set consisting of all the types of retractions having domainS;
(b) the set of the equivalence relations on S which admit a faithful set of representatives;
(c) the set of the partitions of S which admit a faithful transversal;
(d) the set of equivalence classes relative to the equivalence relation R on the set of
idempotent endomorphisms ofS.
The two preceding results give an effective process to decide if an epimorphism hav-
ing domain a ﬁnite transition system S is a retraction, and to determine all the types of
retractions having domain a ﬁnite given transition systemS.
2.1.7. Example. Let  = {1,2,3} be an alphabet with three letters, and let S be the
-transition system whose set of states is S = {1, 2, 3, 4, 5} and such that
1 S1 = ∅, 2 S1 = ∅, 3 S1 = {1, 3, 5}, 4 S1 = {2, 4}, 5 S1 = {1, 3},
1 S2 = {1, 3}, 2 S2 = {2, 4}, 3 S2 = {1, 3}, 4 S2 = {2, 4}, 5 S2 = ∅,
1 S3 = ∅, 2 S3 = ∅, 3 S3 = {3}, 4 S3 = {3}, 5 S3 = {4}.
The Propositions 2.1.5 and 2.1.6 imply that any retraction having domainS is equivalent
to one of the following retractions:
• r1 : S→S |F1 S(⊗S) induced by the idempotent endomorphism g1 ofS having
range F1 = {3} and deﬁned by
i g1 = 3 for i ∈ S;
• r2 : S → S |F2 induced by the idempotent endomorphism g2 of S having range
F2 = {1, 3} and deﬁned by
1 g2 = 1, i g2 = 3 for i ∈ {2, 3, 4, 5};
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• r3 : S → S |F3 induced by the idempotent endomorphism g3 of S having range
F3 = F2 = {1, 3} and deﬁned by
i g3 = 1 for i ∈ {1, 2}, i g3 = 3 for i ∈ {3, 4, 5};
(Notice that in the monoid of all the endomorphisms ofS the left ideals generated by
g2 and g3 are identical, i.e. g2 and g3 are L-equivalent; however g2 and g3 are not
R-equivalent; therefore the retractions r2 and r3 are not equivalent);
• r4 : S → S |F4 induced by the idempotent endomorphism g4 of S having range
F4 = {3, 4, 5} and deﬁned by
i g4 = 3 for i ∈ {1, 3}, i g4 = 4 for i ∈ {2, 4}, 5 g4 = 5;
• r5 : S → S |F5 induced by the idempotent endomorphism g5 of S having range
F5 = {2, 3, 4, 5} and deﬁned by
i g5 = 3 for i ∈ {1, 3}, i g5 = i for i ∈ {2, 4, 5};
• r6 : S → S |F6 induced by the idempotent endomorphism g6 of S having range
F6 = {1, 3, 4, 5} and deﬁned by
i g6 = 4 for i ∈ {2, 4}, i g6 = i for i ∈ {1, 3, 5};
• r7 = 1S : S→S.
Thus there are seven types of retractions having domainS.
The next result follows directly from Proposition 2.1.6.
2.1.8. Corollary. Let S = (S, (S)∈) be a -transition system. If there exists a set
{gj | j ∈ J } of idempotent endomorphisms of S such that gj = 1S for all j ∈ J and⋂
j∈J Ker gj = S (where S = Ker 1S is the equality relation on S), then the following
properties hold:
(i) For any j ∈ J , the -transition systemSj =S | Im gj is a proper retract ofS;
(ii) the family (Sj )j∈J is a subdirect representation ofS;
(iii) ∏j∈J Sj is a parallel decomposition ofS.
2.1.9. Example. Let S be the -transition system considered in Section 2.1.7. With the
notations deﬁned in Section 2.1.7, g3 and g4 are two idempotent endomorphisms of S
different from 1S and such that Ker g3 ∩Ker g4 =S. It follows from Corollary 2.1.8 that
the -transition systemsS3 =S |F3 andS4 =S |F4 are proper retracts ofS, and that
the monomorphism f fromS intoS3 ×S4 deﬁned by
pf = (pg3, pg4) for all p ∈ S,
gives a subdirect representation (S3,S4) of S. Furthermore, S3 × S4 is a parallel
decomposition ofS.
2.1.10. Corollary. Let r be a retraction from a -transition systemS onto a -transition
systemS′. Then for any faithful set of representatives F of the equivalence relation Ker(r)
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on the set of states ofS, the pair (S′,S′′)whereS′′=S(⊗F) is a subdirect representation
ofS.
Proof. By Propositions 2.1.5, the equivalence relation Ker(r) on the set S of states of S
has a faithful set F of representatives. If h denotes the natural epimorphism fromS onto
S′′ =S(⊗F), we have:
Ker(r)∩Ker(h)=Ker(r)∩ F =S (where S is the equality relation on S). It follows
from this that the monomorphism f fromS intoS′ ×S′′ deﬁned by:
pf = (pr, ph) for all p ∈S,
gives a subdirect representation (S′,S′′) ofS. 
2.1.11. Remark. With the notations of Corollary 2.1.10,S′′ =S(⊗F) is a retract ofS
if and only if there exists a state p ∈ F which represents faithfully F inS (i.e., {p} ∪ S-F
is a faithful set of representatives of the equivalence relation F on S).
For instance, in the situation 2.1.7, the subset F3 = {1, 3} of S = {1, 2, 3, 4, 5} is a
faithful set of representatives of the equivalence relation Ker(r3) on S ; since 3 represents
faithfully F3 inS,S(⊗F3) is a retract ofS and by Corollary 2.1.10,S can be subdirectly
represented byS3 =S |F3 andS(⊗F3). It can be noticed that the natural epimorphism
ofS ontoS(⊗F3) is a retraction equivalent to the retraction r5; thenS3 ×S(⊗F3) is a
parallel decomposition ofS.
2.2. Given a -transition systemS, the class of all -transition systems which are retracts
of S is denoted by R(S). According to the terminology of [3], a family (Sj )j∈J of







 and Sj ∈ R(S) for all j ∈ J
(thus any R-representation ofS gives rise to a parallel decomposition ofS).S is called
R-irreducible if for every R-representation (Sj )j∈J of S, there exists j0 ∈ J such that
S ∈ R(Sj0).
The following result is an immediate consequence of Proposition 2.1.6.
2.2.1. Proposition. IfS is a-transition system such that every idempotent endomorphism
different from 1S has only one ﬁxed point, thenS is R-irreducible.
2.2.2. Example. LetS= (S, (S)∈) be the -transition system considered in Example
2.1.7; with the notations of 2.1.7, S3 =S |F3 and S4 =S |F4 are proper retracts of
S. Since the only idempotent endomorphism of S3 (resp. S4) different from 1S3 (resp.
1S4 ) has 3 as its only ﬁxed point, it follows from Proposition 2.2.1 that S3 (resp. S4) is
R-irreducible. Proposition 2.1.5 implies that the function r from F3×F4 onto S deﬁned by
(1, 3)r = 1, (1, 4)r = 2, (1, 5)r = 3, (3, 3)r = 3, (3, 4)r = 4, (3, 5)r = 5,
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is a retraction; furthermore with the notation of 2.1.9, f is a coretraction associated with
r; consequently (S3, S4) is a R-representation of S where S3 and S4 are two R-
irreducible retracts ofS. Thus the answer to the decomposition problem 1.1, is afﬁrmative
for the -transition systemS considered in Example 2.1.7.
2.2.3. Remark. The ideas of [3] used to study the category of posets can be rephrased
to study the category of -transition systems; this allows to observe that if (Sj )j∈J is a
R-representation of a -transition system with a ﬁnite number of states, there exists a ﬁnite
subset J0 of J such that (Sj )j∈J0 is still a R-representation ofS. This remark combined
with a straightforward proof implies the following result.
2.2.4. Proposition. Any -transition system with a ﬁnite number of states admits a R-
representation with the help of a ﬁnite number of R-irreducible -transition systems.
This implies that the situation observed in Example 2.2.2 is general (i.e., any-transition
system with a ﬁnite number of states can be decomposed into a parallel connection of a
ﬁnite number of its R-irreducible retracts).
In the last section it will be shown that the category of -transition systems has enough
injective objects, and that any injective -transition system admits a R-representation with
the help of injective -transition systems with at most three states.
3. Injective envelope of a -transition system
3.1. A -transition system S is called injective (with respect to the embeddings) if for
any embedding i of a -transition system S′ into a -transition system S′′, and for any
-transition system homomorphism f from S′ to S, there exists a -transition system
homomorphism g fromS′′ toS such that:
ig = f.
Lemma 1.2.1 combined with an idea of Pouzet and Rosenberg [6, Theorem 4.1.13] which
can be reformulated in the framework of the -transition systems category, leads to the
following useful result.
3.1.1. Lemma. For any -transition systemS = (S, (S)∈), the following properties
are equivalent:
(a)S is injective;
(b) there exists a state p ofS such that the transition matrix ofS satisﬁes the condition
below
ESpq = = ESqp f or all q ∈ S;
(c)S is a retract of any of its realizations.
Proof. (a) ⇒ (b). LetS′ =(S′, (S′)∈) be the-transition systemwhere S′ is obtained
from S by adjoining to it a new state z and where for any  ∈  the binary relation S′ on
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S′ is deﬁned by: qS′ = qS ∪ {z} for any q ∈ S and zS′ = S′. The natural injection i
from S into S′ deﬁnes an embedding fromS intoS′. SinceS is injective, there exists a
-transition system homomorphism f fromS′ intoS such that if =1S . It can be observed
that the state p = zf ofS satisﬁes to the condition (b).
(b) ⇒ (a). Let i be an embedding from a -transition systemS′ = (S′, (S′)∈) into a
-transition systemS′′=(S′′, (S′′)∈) and let f be a-transition system homomorphism
fromS′ intoS. Let g be the function from S′′ into S such that (q ′i)g=q ′f for any q ′ ∈ S′
and such that q ′′g = p for any q ′′ ∈ S′′-Im i. It can be observed that g is a -transition
system homomorphism fromS′′ intoS such that ig = f .
(a) ⇒ (c) is obvious and the proof of (c) ⇒ (b) is similar to the proof of (a) ⇒ (b).
With the usual terminology of the theory of categories, an embedding i of a -transition
systemS into a -transition systemS′ is said to be essential if any homomorphism f from
S′ to a-transition systemS′′ such that if is an embedding ofS intoS′′, is an embedding
ofS′ intoS′′. 
The following result means that in the category of-transition systems, any object admits
an injective envelope, unique up to isomorphism.
3.1.2. Theorem. For any -transition systemS, there exists an essential embedding i of
S into an injective -transition system Sˆ; if i′ is an other essential embedding ofS into
an injective -transition system S′, then there exists an isomorphism 	 from Sˆ onto S′
such that i	= i′.
Proof. LetS= (S, (S)∈) be a -transition system. IfS itself is injective, Sˆ=S and
i = 1S satisfy the ﬁrst part of the above theorem.
Suppose now thatS is not injective. Let Sˆ= (Sˆ, (Sˆ)∈) be the -transition system
where Sˆ is obtained from S by adjoining to it a new state z (i.e., Sˆ is the disjoint union
S ∪ {z}), and where for any  ∈  the binary relation Sˆ on Sˆ is deﬁned by:
pSˆ = pS ∪ {z}, for any p ∈ S
and
zSˆ = Sˆ.
By Lemma 3.1.1, the -transition system Sˆ is injective. The natural injection i from S into
Sˆ is such that the following equality holds for any p ∈ S and any q ∈ S:
ESpq = ESˆpq = ESˆpi qi , which implies by Lemma 1.2.1 that i is an embedding of S
into Sˆ.
Let f be a homomorphism from the -transition system Sˆ to a -transition systemS′′
such that if is an embedding ofS intoS′′.We claim that f is a monomorphism. If not, there
would exist po ∈ S such that pof = zf which would imply the following inclusions for
any q ∈ S:
= ESˆqz ⊂ ES′′qf zf = ES′′qf p◦f and = ESˆzq ⊂ ES′′zf qf = ES′′p◦f qf .
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Therefore, the following equalities would hold for any q ∈ S:
ES′′qif p◦if = = ES′′p◦if qif .
By Lemma 1.2.1, this would imply for any q ∈ S:
ESqp◦ = = ESp◦q,
contradicting the fact thatS is not injective.
By Lemma 1.2.1, the following equalities hold for any p ∈ S and any q ∈ S:
ESˆpq = ESˆpi qi = ESpq = ES′′pif qif = ES′′pf qf
and
= ESˆpz = ESˆzq = ESˆzz = ES′′pf zf = ES′′zf qf = ES′′zf zf .
It follows from Lemma 1.2.1, that f is an embedding of Sˆ intoS′. All this proves that i is
an essential embedding ofS into Sˆ.
Let i′ be an other essential embedding ofS into an injective -transition systemS′ =
(S′, (S′)∈). SinceS′ is injective, there exists a homomorphism 	 from Sˆ toS′ such
that i	 = i′. As the embedding i is essential, we obtain that 	 is an embedding of Sˆ into
S′. Since Sˆ is injective, there exists a homomorphism r fromS′ to Sˆ such that 	r = 1
Sˆ
;
thus r is an epimorphism.As the embedding i′ is essential, i′r = i	r = i implies that r is an
embedding. Therefore r is a bijective homomorphism and r−1 = 	. This proves that 	 is an
isomorphism from Sˆ ontoS′. 
3.1.3. With the notations of the proof above, the -transition system Sˆ is the injective
envelope of the -transition systemS.
3.2. Parallel decomposition of an injective transition system.
3.2.1. Theorem. Any injective-transition system with more than two states can be subdi-
rectly representated, with the help of an embedding, by the family of the injective envelopes
of its relative sub-transition systems having two states. Furthermore this subdirect repre-
sentation has the advantage to be an R-representation.
Proof. Let S = (S, (S)∈) be an injective -transition system with more than two
states. The set of all subsets of S with two elements is denoted by P. For any H ∈ P let
jH be the natural embedding of S |H into S, and let iH be the essential embedding of
S |H into its injective envelope Ŝ |H . As S is injective, there exists a homomorphism
ĵH from Ŝ |H toS such that iH ĵH = jH . Since iH is an essential embedding, it follows
that ĵH is an embedding from Ŝ |H intoS. The injectivity of Ŝ |H implies that ĵH is a
coretraction associated with a retraction fH fromS onto Ŝ |H .Let f be the function from
S to S′ =∏H∈P Ĥ (where Ĥ is the set of states of Ŝ |H ) deﬁned by setting
pf = (pf H )H∈P for all p ∈ S.
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If f was not injective, there would exist H = {p, q} ∈ P such that pf = qf and we should
obtain the following contradiction:
p = piH = piH ĵHfH = pjHfH = pfH = qf H
= qjHfH = qiH ĵHfH = qiH = q.
This contradiction implies that f is injective. The parallel connection of the -transition
systems Ŝ |H where H ∈ P is the following injective
-transition system:




Given two states p and q ofS (not necessarily distinct),H denotes {p, q} ifp = q, otherwise















= EŜ|HpjHfH qjH fH = E
Ŝ|H
piH qiH
= ES|Hpq = ESpq
(because jHfH = iH ĵHfH = iH is an embedding).
This implies the inclusion ES
′
pf qf ⊂ ESpq . Since for any K ∈ P, fK is a -transition







= ES′pf qf .
This shows that the equality ESpq = ES
′
pf qf holds. Consequently f is an embedding.
If for any H ∈ P, the projection of S′ onto H is denoted by H , the equalities
SfH = Sf H = Ĥ (for all H ∈ P)
prove that the embedding f yields a subdirect representation of S by the family
(Ŝ |H)H∈P. 
3.2.2. Remarks. With the notations of the Proof of 3.2.1, it should be noticed that
(i) for any H ∈ P, the injective envelope Ŝ |H of the relative sub -transition system
S |H ofS, is a retract ofS and up to an isomorphism is itself a relative sub -transition
system ofS with at most three states;
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(ii) the embedding f of S into S′ =∏H∈P Ŝ |H is a coretraction associated with a
retraction ofS′ ontoS; therefore, the family (Ŝ |H)H∈P is a R-representation ofS. This
yields an afﬁrmative answer to Problem 1.1.
3.2.3. Example. Let  = {1,2,3} be an alphabet with three letters and let S be the
-transition system whose set of states is S = {1, 2, 3, 4, 5, 6} such that
1 S1 = {2, 5, 6}, 2 S1 = {1, 6}, 3 S1 = 4 S1 = 5 S1 = {6},
6 S1 = S,
1 S2 = {1, 4, 6}, 2 S2 = 3 S2 = {6}, 4 S2 = {3, 6},
5 S2 = {4, 6}, 6 S2 = S,
1 S3 = 4 S3 = 5 S3 = {6}, 2 S3 = {2, 3, 6},
3 S3 = {4, 5, 6}, 6 S3 = S.
The state 6 ofS satisﬁes to condition (b) of Lemma 3.1.1, which implies thatS is injective.
The subsets of S with two elements are numbered as follows:
H1 = {1, 2}, H2 = {1, 3}, H3 = {1, 4}, H4 = {1, 5}, H5 = {2, 3},
H6 = {2, 4}, H7 = {2, 5}, H8 = {3, 4}, H9 = {3, 5}, H10 = {4, 5},
H11 = {1, 6}, H12 = {2, 6}, H13 = {3, 6}, H14 = {4, 6}, H15 = {5, 6}.
For i ∈ {1, . . . , 10}, the-transition systemS |Hi is not injective and its injective envelope
Ŝ |Hi is isomorphic withSi=S |Hi ∪{6}. For i ∈ {11, . . . , 15}, the -transition system
Si = S |Hi is injective. With any i ∈ {1, . . . , 15} is associated the epimorphism fi
from S onto Si deﬁned as follows: pf i = p if p ∈ Hi, pf i = 6 if p /∈Hi ; fi is a
retraction and the natural embedding of Si into S is a coretraction associated with fi .
S is subdirectly representated by the family (S)1 i15 with the help of the embedding
f from S into ∏1 i15Si deﬁned by pf = (pf i)1 i15 for all p ∈ S. Furthermore,
the family (Si )1 i15 of the injective envelopes of the relative sub -transitionsystem of
S having two states is a R-representation ofS; thus the parallel connection of the family
(Si )1 i15 is a parallel decomposition ofS.
3.3. Realization of a transition system
3.3.1. Proposition. LetS be a non-injective-transition systemwithmore than two states.
Then there exists an essential embedding of S into a subdirect product of the injective
envelopes of its relative sub-transition systems having two states.
Proof. Let S be the set of states of S, and let P be the set of subsets of S with two
elements. For any H ∈ P, the essential embedding of S |H into its injective envelope
Ŝ |H is denoted by iH . Since the natural injection jH of H into S is an embedding of
S |H intoS, there exists a homomorphism fH fromS to Ŝ |H such that jHfH = iH .
Let f be the function from S to S′ = ∏H∈P Hˆ (where Hˆ is the set of states of Ŝ |H )
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deﬁned by
pf = (pf H )H∈P, for all p ∈ S.
Just like in the proof of Theorem 3.2.1, it can be shown that f is an embedding ofS into the
parallel connectionS′ =(S′, (S′)∈) of the family (Ŝ |H)H∈P of injective-transition
systems (i.e.S′=∏H∈P Ŝ |H ). For anyH ∈ P there exists a state zH of Ŝ |H satisfying
to condition (b) of the Lemma 3.1.1. The state z= (zH )H∈P ofS′ satisﬁes to condition (b)
of the Lemma 3.1.1, which implies thatS′ andS′′ =S′ |S′′ where S′′ = Im f ∪ {z}, are
injective -transition systems. If the isomorphism betweenS andS′ | Im f induced by f
is denoted by f ′, and if the natural injection of Im f into S′′is denoted by i′, i = f ′ i′ is an
essential embedding ofS intoS′′, i.e.S′′ is an injective envelope ofS. 
For any H ∈ P the projection H of S′ onto the set of states Hˆ of Ŝ |H is such that
S′′H = Ĥ , which shows that S′′ is a subdirect product of the family (Ŝ |H)H∈P of
injective -transition systems.
3.3.2. Remarks. (i) Under the hypothesis of 3.3.1, the injective envelope Sˆ ofS can be
represented with the help of an embedding, as a subdirect product of the injective envelopes
of the relative sub-transition systems ofSwith two states; furthermore this representation
of Sˆ is a R-representation.
(ii) If the number of states n of S is ﬁnite (with n2), then the parallel connection
of the n(n − 1)/2 -transition systems having at most three states (with at least one of
them satisfying to condition (b) of Lemma 3.1.1) and constructed fromS as the injective
envelopes of the relative sub -transition systems of S with two states, is a realization
ofS.
3.3.3. Example. LetS be the -transition system considered in 3.2.3. With the notations
used in 3.2.3, the subset T ={1, 2, 3, 4, 5} of the set of states S ofS deﬁnes the-transition
systemT=S |T . By Lemma 3.1.1,T is not injective. Since the natural embedding from
T into S is essential, S is isomorphic with the injective envelope T̂ of T. It can be
observed that T is R-irreducible by Proposition 2.2.1. The set of subsets of T with two
elements isP= {Hi | 1 i10}. For every i ∈ {1, . . . , 10}, the injective envelope T̂ |Hi
ofT |Hi is isomorphic withSi =S |Hi ∪ {6}, and the function gi from T onto Hi ∪ {6}
deﬁned by pgi = p if p ∈ Hi , pgi = 6 if p /∈Hi , is an epimorphism of the -transition
system T onto Si . The homomorphism g from Tinto S′ =∏1 i10Si , deﬁned by
pg = (pgi)1 i10 for all p ∈ T , is an embedding of T into the injective -transition
systemS′ =∏1 i10Si . Therefore the parallel connection of the family (Si )1 i10
of the injective envelopes of the relative sub -transition systems ofT having two states
is a realization ofT.
Let z= (zi)1 i10 be the state ofS′ deﬁned by zi = 6 for all i ∈ {1, . . . , 10}. It can be
shown that g induces an essential embedding ofT into the injective -transition system
S′′ =S′ | Im g ∪ {z}, and thatS′′ is a subdirect product of the family (Si )1 i10. The
map g˜ fromS intoS′ =∏1 i10Si deﬁned by pg˜=pg for all p ∈ T and by 6g˜= z, is
an embedding which induces an isomorphism ofSwithS′′. This implies that the injective
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-system S of the Example 3.2.3 can be subdirectly represented, with the help of g˜, by
the family (Si )1 i10. Since g˜ is a coretraction this provides a R-representation of S;
thus
∏
1 i10Si is a parallel decomposition of S. In the situation considered here, the
proof of 3.3.1 gives a better result than the one obtained in Section 3.2.3.
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